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Abstract - Formal Equivalence Checking (FEC) is an important technique for the verification of datapath components
in the semiconductor industry. Although FEC is effectively applied in verifying numerous modules, designs without internal
equivalence points, such as sorting algorithms, can pose substantial verification challenges, and proof techniques often do
not scale efficiently for larger implementations. This paper presents a novel methodology for FEC of sorting designs,
addressing the inherent challenges posed by the algorithmic diversity of possible implementations. The proposed approach
introduces a comprehensive set of abstraction properties that uniquely characterize the output of a sorting algorithm,
enabling efficient verification without requiring internal equivalence points between implementations. The efficacy of this
methodology is demonstrated through a practical case study, where one of our designs was previously verified through an
extensive case-splitting approach. The proposed methodology achieves a 96% reduction in runtime while utilizing
significantly fewer computational resources and licenses to achieve complete convergence.

I. INTRODUCTION

One of the most important verification methodologies for datapath components in semiconductor design is Formal
Equivalence Checking (FEC). This approach primarily relies on commercial Electronic Design Automation (EDA)
tools that facilitate the integration of both Hardware Description Language (HDL) and C++ implementations [1], [2],
[3]. In scenarios where direct tool convergence proves unattainable, verification engineers often employ an assume-
guarantee methodology, wherein internal equivalence points are identified and utilized to decompose the verification
problem. This process involves first establishing the equivalence of identified internal signals, subsequently leveraging
these relationships as auxiliary assumptions for the comprehensive verification of the design. The importance of
internal equivalent pairs is demonstrated by tools having specific procedures to find them, as noted in [6].

While identifying internal equivalence points typically enhances verification efficiency, this approach becomes
infeasible when such intermediate equivalence points do not exist. A prime example of this challenge occurs with
sorting algorithms, where different implementations can produce identical outputs through fundamentally distinct
computational approaches. For such algorithms, establishing internal equivalence points between implementations is
inherently impossible. This paper presents a novel methodology for verifying sorting algorithm equivalence through
the formal definition of a comprehensive set of properties that abstract the sorter's specification, thereby enabling a
decoupled analysis. The main contributions of this work are:

e  The definition of sorting properties that uniquely define the sorter behavior and can be tested in a formal
tool.
e The usage of such properties to abstract the sorters and prove the equivalence between implementation
(RTL) and specification (C++) within a commercial FEC tool.
The advantage of completing both steps in a single tool should not be underestimated; even if the first step can be
done in a different tool, e.g. a theorem prover, porting these results into a FEC tool requires a translation step, which
is error prone and could affect the soundness of the overall proof.

After a brief introduction to FEC in Section II, the complexities associated with the verification of sorting algorithms
are detailed in Section IIT and the novel methodology for verifying them is presented in Section IV. The efficacy of
this approach is demonstrated through a practical case study in Section V, before concluding the paper in Section VI.

II. FORMAL EQUIVALENCE CHECKING
FEC uses formal methods to establish mathematical equivalence between two distinct design implementations.
Given the complexity of modern designs, exhaustive simulation-based verification is computationally infeasible,
making formal verification the only viable approach for a complete verification. FEC encompasses three primary
categories of equivalence checking:



e Logic Equivalence Checking: Assumes a bijective mapping between registers across implementations,
subsequently verifying the equivalence of their combinational fan-in logic. This methodology primarily
serves to validate the equivalence between Register-Transfer Level (RTL) designs and their synthesized
netlists.

o Sequential Equivalence Checking: Verifies equivalence between distinct RTL models under identical input
sequences and initial states, comparing output values at each clock cycle. This approach is particularly
effective for validating local changes, as in the case of clock-gating optimizations.

e Transactional Equivalence Checking: Validates functional equivalence between implementations with
different latencies and/or languages (typically RTL and C++), focusing on output equivalence at
transaction boundaries, where a transaction is defined as the complete computation from input availability
to output generation. This methodology is predominantly employed in arithmetic component verification,
where usually C++ serves as the specification (golden model) and RTL as the implementation.

This paper focuses on Transactional Equivalence Checking, often referred to as C-to-RTL verification, but it is not
limited to it.

Writing C++ and RTL code independently, starting from a common requirements document, significantly reduces
the probability of correlated bugs, making C-to-RTL equivalence a successful verification approach for project sign-
off. C-to-RTL equivalence verification is also important for performance analysis, as C++ models are frequently
employed for pre-synthesis metrics collection and experimental evaluation. The reliability of such analysis depends
on the equivalence between the C++ specification and RTL implementation. C++ models offer advantages in
verification flexibility, enabling extensive simulation due to superior execution speed compared to RTL. In some
cases, these C++ models are verified via theorem proving [8]. In other cases, theorem provers are used to verify
directly the RTL code [9].

The FEC methodology has proven effective in verifying fundamental arithmetic operations, including addition,
multiplication, fused multiply-add (FMA) [10], division [5], and dot-product [7]. While bug detection typically
requires minimal human intervention, establishing the absence of bugs through FEC presents greater challenges. This
necessitates sophisticated verification techniques, including case-splitting, assume-guarantee reasoning, and
abstraction via cutpoints and black-boxes. For instance, in an FMA verification (a - b + ¢), a common approach
involves identifying internal signals representing the extended-precision product a - b in both implementations. The
verification process establishes either direct signal equivalence or equivalence relationships under specific conditions
(e.g., considering the addition of signals in carry-save format). Subsequently, these signals may be abstracted with
cutpoints, and case-splitting may be introduced to handle different cases such as normal numbers, denormals,
infinities, and NaNs.

III. VERIFICATION OF SORTING ALGORITHMS

Sorting operations constitute a fundamental computational primitive across diverse applications in digital design.
The verification of equivalence between RTL sorting implementations and their C++ counterparts presents significant
challenges due to the possible inherent algorithmic diversity in computing the same output. The absence of equivalent
internal points between the two implementations makes traditional equivalence decomposition methodologies less
effective. Considering the distinct objectives of RTL designers (power, performance, and area) and C++ developers
(speed and reusability), coupled with the need to maintain independence between implementation and specification,
it is very likely that the two sides of the comparison use different sorting algorithms to compute the result.

While direct formal verification may prove tractable for small-scale sorting problems, practical applications
typically necessitate sophisticated verification strategies.

The formal verification of sorting algorithms has been the subject of prior research. For instance, in [11], the authors
employ a deductive theorem prover to verify a sorting algorithm implemented in Java. Their methodology utilizes
preconditions and postconditions, aligned with the principles of the Hoare Triple. The authors establish high-level
specifications for verification, emphasizing properties such as termination, memory and exception safety, absence of
overflow, and ordering correctness. Notably, they do not address equivalence checking and concentrate on sorters that
return permutations of the input elements directly, as opposed to valid index arrays, which is the case examined in the
subsequent section. Consequently, their verified properties differ from those considered herein.

A.  Sorting Abstraction

Consider a C-to-RTL equivalence verification problem involving two distinct sorting implementations. The input
consists of N elements, indexed from 0 to N — 1, where each element i possesses a sorting key value k[i]. A binary
validity mask {v[0], ..., v[N — 1]} specifies which elements must be considered in the sorting operation. The designs



prioritize valid elements over invalid ones and sort the valid elements according to their keys, returning the first n
output indices {out[0],...,out[n — 1]}, where n < N. For valid elements with the same key, the one with lower
index has priority. When Y v[i] = m < n, values out[m],..., out[n — 1] are undefined. Without loss of generality,
ascending order is assumed; the methodology can be trivially adapted for descending order by negating the sorting
keys. This formulation of the problem is not limited by the validity mask and the value n, which accommodate both
partial and total sorting scenarios.
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Figure 1. Example of sorter for N = 6 and n = 4. As there are only m = 3 valid elements for this input, the last output out[3] is undefined.

The properties introduced to abstract the output of such a generic sorter are described in Table I.

TABLE I
ABSTRACTION PROPERTIES DEFINING THE OUTPUT OF THE SORTER
Range Each valid output index is between 0 and N — 1.
Uniqueness All valid output indices are distinct.
Validity If m valid inputs exist (0 < m < n), outputs 0 to m — 1 are valid.
Ordering Valid outputs are sorted by keys in ascending order.
Stability For equal keys, lower original indices appear first.

Although not necessary in all the sorting applications, the stability property ensures deterministic output ordering
when multiple valid elements possess identical keys. While stable sorting is considered in this paper, our methodology
can be extended to handle unstable sorting, properly phrasing the expected relation between the outputs of the two
implementations. The abstraction properties account for the case where Y v[i] < n.

Any generic sorter of the type introduced above satisfies the properties listed in Table I: it sorts valid elements,
prioritizing the ones with lower index for identical keys, so it satisfies ordering and stability. As the valid indices
returned are from the input vector, they are values between 0 and N — 1, and they are obviously unique, so also range
and uniqueness are satisfied. As per specification, it returns n elements, that are all valid if m = n, or only the first m
are valid otherwise. So, for m < n, the values out[0],..., out[m — 1] are valid, meeting the requirement for the
validity property.

Vice versa, if a design satisfied the properties of Table I, it prioritizes the valid elements, due to the validity property,
sorting them according to their keys, as per ordering definition, prioritizing the ones with lower index when the key
is the same, as per the stability property. All the valid input returned a unique and between 0 and N — 1, matching
exactly the specification above.

IV. VERIFICATION METHODOLOGY

The abstraction properties introduced in the previous section enable verification through property-based model
checking within the FEC tool. This methodology facilitates the decoupling of verification between implementation
and specification, providing valuable insights into the relative complexity of each side of the comparison. By
independently verifying these properties on both designs, it is possible to identify which algorithm presents greater
challenges for the formal tool, as evidenced by variations in verification runtime and resource utilization.

Consider an equivalence checking problem between two distinct sorting algorithms where direct verification proves
inconclusive. Our proposed methodology comprises the following steps:
1. Formal encoding of the abstraction properties in Table I within the FEC framework.
2. Independent verification of the properties on both implementations.



3. Analysis of computational complexity across implementations, identifying where additional helpers, abstractions
or refinements are needed, for example using domain reduction techniques, as described in [12].

4. Introduction of cutpoints at sorters outputs on both designs, constrained by the abstraction properties, followed
by equivalence verification.

The soundness of this approach relies on the completeness of the abstraction properties. If multiple distinct outputs
satisfied these properties, the introduction of cutpoints would enable the formal tool to identify a counterexample by
assigning different values to corresponding outputs of the compared designs. In this case, also any deterministic design
would fail to prove equivalent to itself.

The methodology can be further refined through selective abstraction, where cutpoints are introduced only on one
side output, for example on the RTL design. In this variant, the sorter logic in the RTL is abstracted away and modeled
with the properties introduced in Table I. This abstracted RTL implementation is then checked against the unmodified
C++ sorter. The choice between one sided or double-sided abstraction depends on the specific characteristics of the
implementations. Empirical evaluation of both approaches enables optimization of the verification strategy.

The effectiveness of this methodology relies on the reduction of the verification problem to a constraint satisfaction
problem, specifically through the application of abstraction properties. This formulation bears conceptual similarity
to well-studied constraint satisfaction puzzles, such as Sudoku and the Non-attacking queens problem, which are
frequently employed as introductory examples to formal verification. This approach is not limited to C-to-RTL
verification and can be extended also to cases of C-to-C and RTL-to-RTL equivalence checking. Furthermore, this
approach does not rely on any tool-specific features, allowing for implementation with any commercially available
FEC tools.

B.  Properties Encoding

The abstraction properties of Table I can be formally encoded in a FEC tool in different ways. The approach
presented here employs an enumeration of properties for each entry position 0 < i < N. For instance, using the
notation introduced in Section III-A, the ordering property for a sorter producing n = 2 outputs can be expressed
through the following logical constraints, Vi € [0,N — 1]:

(v[out[0]] Av[i]) = k[out[0]] < k[i]
(v[out[l]] AV[I]A (0 # out[O])) = k[out[1]] < k[i]

The distinction between equations above is in the additional precondition term in the latter. This supplementary
condition is required because i ranges across all possible elements, requiring explicit exclusion of the case where i
corresponds to the first output position, which possesses the minimal key value. Similar terms are required for larger
values of n.

The stability properties can be similarly formalized; for instance, for output in position one, the property can be

expressed as follows, Vi € [0, N — 1]:

(v[out[l]]Av[i]A(i = out[0]) A (i % out[1]) A (k[out[1]] = k[i])) =i > out[l]

The encoding of the other properties is similar and is omitted for brevity. While alternative encoding options exist,
such as employing symbolic integer variables appropriately constrained, these approaches, though more
mathematically elegant, can introduce additional complexity in the verification of the properties, as a symbolic
variable would represent multiple values between 1 and N. Such complexity may affect the identification of
verification bottlenecks and make the debugging process more challenging, particularly when utilizing commercial
tools that do not provide comprehensive internal details to facilitate analysis of property convergence issues.

V. CASE STUDY
To illustrate the effectiveness of our proposed methodology, it is applied to the verification of an industrial RTL
design that implements a performance-optimized sorting network. This type of algorithms has been widely used to
solve similar problems for many years, with one of the most well-known papers discussing them being [4]. The
component under consideration computes the four smallest valid indices from an array of twelve entries. The
verification task entails establishing formal equivalence against its C++ reference model. The C++ implementation



employs a double-nested loop algorithm that iteratively identifies the minimum valid element, subsequently marking
it as invalid before proceeding to the next iteration.

This case study exemplifies the challenges described in previous sections, as the two implementations lack internal
equivalence points that could be utilized for problem decomposition. Furthermore, the sorters are embedded within
larger designs, exhibiting not exactly matching interfaces and requiring preprocessing functions for input data
preparation. While these factors introduce additional complexity, they do not preclude the application of our
methodology.

In previous project iterations, this verification constituted one of the most computationally intensive tests in our
regression suite, requiring significant runtime, licenses, and computational resources. As anticipated, the verification
tools failed to achieve convergence without additional guidance. Given the absence of internal equivalence points, the
initial verification approach employed an extensive case-splitting on the validity mask values. For each specific
validity mask configuration, the tool successfully established equivalence between the two sides of the comparison.
While the tool could handle multiple cases simultaneously for configurations with few valid inputs, more complex
scenarios necessitated individual case analysis. An alternative faster proof using data domain reductions was
implemented, but it required additional manual checks to confirm its applicability, so it was not pursued further. Time
constraints imposed by release scheduling precluded the development of alternative methodologies at that time.

Although the final proof achieved convergence, concerns regarding scalability persisted, particularly for potential
future modifications involving larger input arrays or increased number of output values. These considerations
motivated the development of this new approach.

Following the definition of the properties in Table I, a decoupled verification analysis to assess the relative
complexity of each implementation was conducted. The results revealed that the C++ implementation presented
greater verification challenges, as evidenced by significant runtime differences. The most interesting runtime
differences are shown in Table II. The time interval refers to the time required by the first and the last property of a
specific type to converge. This experiment also showed a linear scaling of the properties’ convergence time with
respect to the number of output values.

TABLE I
DECOUPLED ANALYSIS RESULTS FOR VALIDITY AND ORDERING

Convergence Time | Convergence Time
Property Type RTL Cirt
Validity 3 sec 20 — 80 min
Ordering 0 —20 min 33 — 100 min

Based on these findings, a verification approach comprising the following steps was implemented:

l.a) Verification of abstract sorting properties of Table I on the RTL sorter.

1.b) Establishment of input equivalence between RTL and C++ sorters.

2.a) Selective introduction of cutpoints at the RTL sorter inputs and outputs, constrained by assuming the sorting
properties.

2.b) Equivalence checking after the application of cutpoints to the C++ sorter input, assuming the equality with
the corresponding RTL sorter input cutpoints.



Step 1 Prove that RTL and
C++ sorters have
the same input

Prove that the RTL
sorter verifies the
sorting properties

Step 2
_r:& |_,
Cut input and output of Cut the C++ sorter input,
the RTL sorter, assuming assuming the cutpoints
the cutpoints satisfy the S'(D)?t);lli t;?otdtzs etmoe match the correspondent
Free input sorting properties same output RTL input cutpoints

Figure 2. Two-steps verification proof for the case study.

This methodology, illustrated in Figure 2, is implemented through two distinct proofs. The first proof establishes
the sorting properties and input equivalence of the sorters, ensuring the soundness of the cutpoint assumptions in the
subsequent proof. The second proof introduces cutpoints constrained by the properties proven in the first proof,
enabling the FEC tool to prove that the C++ implementation produces the same unique output satisfying the abstraction
properties proven for the RTL sorter. This two-steps approach establishes complete functional equivalence between
RTL and C++.

A quantitative comparison between the original and proposed methodologies is presented in Table III. Both
verification approaches were executed in a distributed computing environment with configurable memory allocation
and workers count for parallel proof execution. The original methodology required 760 minutes for convergence,
utilizing 64 workers on machines with 32GB memory each. This approach employed three sub-proofs, with the final
proof implementing a large case-splitting on the validity mask, generating over 1600 subproblems in total. In contrast,
the new methodology achieved convergence in under 30 minutes using two workers on 4GB memory machines,
generating only the two proofs described in Figure 2. These results demonstrate a 96% reduction in runtime while
requiring only 4% of the computational resources. The improvements allow rapid re-verification following design
modifications, while the linear scaling of properties convergence time enables the methodology’s applicability to
larger sorting networks.

TABLE IIT
VERIFICATION METHODOLOGIES COMPARISON
Runti Number of
Methodology ;l;lli:;le Workers | Machines Memory sul;llilsoli;e?lls
Case-splitting (old) 760 64 32GB > 1600
Sorting abstraction (new) 27 2 4GB 2

To wvalidate the methodology's effectiveness in detecting violations, mutation testing [13] was applied to
systematically introduce bugs into the designs. These were promptly identified by the FEC tool, which generated
appropriate counterexamples within seconds. The types of bugs inserted included alterations to comparison operators
(e.g., interchanging “<” with “<”), adjustments to the application of validity masks, and commenting out selected
lines of code within the core sorting procedure.

Furthermore, it was confirmed that the properties defined in our setup, according to Table I, are not only sufficient
to prove the equivalence, but also necessary. The assessment involved iteratively performing Step 2 of our proof



strategy, each time excluding one of the encoded properties. In each instance, the FEC tool identified a
counterexample, thereby confirming that the diminished set of properties was insufficient to model the problem.

VI. CONCLUSIONS AND FUTURE WORK

This paper presents a novel methodology for FEC of sorting designs, addressing the inherent challenges posed by
the algorithmic diversity of possible implementations. The proposed approach introduces a set of abstraction
properties systematically derived to uniquely characterize the output of a sorting algorithm, enabling efficient
verification and solving the problem of the absence of internal equivalence points between the two sides of the
comparison. This methodology represents a significant advancement over traditional case-splitting approaches, and it
was demonstrated through a relevant case study. The conventional methodology, employing an extensive case-
splitting on the validity mask, required approximately 12.5 hours to achieve convergence, using 64 workers. In
contrast, the new abstraction-based approach achieves verification in under 30 minutes using only two workers,
representing a 96% reduction in both runtime and resource requirements. This approach not only reduces
computational complexity but also provides valuable insights into the relative verification challenges of different
algorithmic implementations. Furthermore, the methodology exhibits linear scaling with respect to the number of
output values, suggesting its applicability to larger sorting implementations.

The results presented in this paper demonstrate that FEC of sorting algorithms can be significantly improved through
careful abstraction and property-based verification within the FEC framework. Future work will extend the
benchmarking, comparing multiple FEC tools and verifying different parameterizations of the sorting algorithms. The
application of similar abstractions to other classes of algorithms that lack internal equivalence points will also be
explored, potentially leading to broader improvements in formal verification practices. For this purpose, an Al-based
approach could be investigated to produce abstraction properties analogous to those presented in Table 1.
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